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Where Do We Stand?

• Exciting Time in ν Physics: recent hints of large θ13 from T2K, MINOS, Double CHOOZ

• Latest 3 neutrino global analysis (including T2K and MINOS):

•
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Fogli, Lisi, Marrone, Palazzo, Rotunno, arXiv:1106.6028
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Cautions!! Different global fit analyses assume different error correlations among  
experiments ⇒ different results

Current Global Fit:  θ13 ≠ 0 at 3σ 
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Global Fit Including T2K/MINOS Results
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Fogli, Lisi, Marrone, Palazzo, 
Rotunno, arXiv:1106.6028

Consistent with 
SuperK Best Fit: 
δ = 220 degrees
(Neutrino 2010)

constraint on leptonic 
Dirac CP phase from 
global fit, albeit not  

statistically significant
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• The known knowns:

4

What’s Next?
Reactor Exp: Double CHOOZ, Daya Bay, Reno
Long Baseline Exp: MINOS, NOvA, T2K, LBNE...

The known unknowns:

• How small is θ13? (νe component of ν3)

• θ23 > π/4,  θ23 < π/4 , θ23 = π/4 ? 

      (ν3 composition of ν)

• neutrino mass hierarchy (Δm132)?

• CP violation in neutrino oscillations? 

• Majorana vs Dirac? 

Where Do We Stand?

The unknown unknowns?
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Theoretical Challenges

(i) Absolute mass scale:  Why mν << mu,d,e? 
• seesaw mechanism: most appealing scenario ⇒ Majorana

• GUT scale (type-I, II) vs TeV scale (type-III, double seesaw)
• TeV scale new physics (extra dimension, U(1)´) ⇒ Dirac or Majorana

(ii) Flavor Structure: Why neutrino mixing large while quark mixing small?
• seesaw doesn’t explain entire mass matrix w/ 2 large, 1 small mixing angles
• neutrino anarchy: no parametrically small number

• near degenerate spectrum, large mixing
• predictions strongly depend on choice of statistical measure

• family symmetry: there’s a structure, expansion parameter (symmetry effect)
• mixing result from dynamics of underlying symmetry
• for leptons only (normal or inverted) 
• for quarks and leptons: quark-lepton connection ↔ GUT (normal)

• In most part of this talk: assume 3 generations, no LSND/MiniBoone/Reactor Anomaly
• 4th generation model: (3+3) consistent with experiments including MiniBoone
• sterile neutrinos: tension between fit to oscillation data and cosmology
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for a review, see e.g. M.-C. C, 
J.R. Huang, MPLA (2011)

Hall, Murayama, Weiner (2000); 
de Gouvea, Murayama (2003)

Hou, Lee, arXiv:1004.2359



Small Neutrino Mass: Seesaw Mechanism

• Mixture of light fields and heavy fields

• Diagonalize the mass matrix:

6

• Smallness of neutrino masses 
suggest a high mass scale

νR: sterile (singlet under ALL  
               gauge groups in SM)

νRνR mass term allowed 

Yanagida, 1979;  Gell-Mann, Ramond, Slansky, 1979; 
Mohapatra, Senjanovic, 1981

If
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Grand Unification

• Motivations:

• Electromagnetic, weak, and 
strong forces have very different 
strengths

• But their strengths become the 
same at 1016 GeV if there is 
supersymmetry

•  To obtain

7

EM

weak

strong
mν ~ (Δm2atm)1/2, mD ~ mtop

MR ~ 1015 GeV

coupling constants run!

MGUT
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Origin of Mass Hierarchy and Mixing

• In the SM: 22 physical quantities which seem unrelated

• Question arises whether these quantities can be related

• No fundamental reason can be found in the framework of SM

• less ambitious aim ⇒ reduce the # of parameters by imposing symmetries

• SUSY Grand Unified Gauge Symmetry

• GUT relates quarks and leptons: quarks & leptons in same GUT multiplets

• one set of Yukawa coupling for a given GUT multiplet ⇒ intra-family relations

• seesaw mechanism naturally implemented

• proton decay, leptogenesis, LFV charged lepton decay

• Family Symmetry 

• relate Yukawa couplings of different families

• inter-family relations ⇒ further reduce the number of parameters
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⇒ Experimentally testable correlations among physical observables



Origin of Mass Hierarchy and Mixing

• Several models have been constructed based on 

• GUT Symmetry [SU(5), SO(10)] ⊕ Family Symmetry GF   

• Family Symmetries GF based on continuous groups:

• U(1) 

• SU(2) 

• SU(3) 

• Recently, models based on discrete family symmetry groups have been constructed 

• A4 (tetrahedron)

• T´ (double tetrahedron) 

• S3 (equilateral triangle)

• S4 (octahedron, cube)

• A5 (icosahedron, dodecahedron)

• ∆27 

• Q4 
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The Horizontal Symmetry

• Three families are the

same under vertical

symmetry; yet

different under

horizontal symmetry

• Zeros in the mass

matrices are protected

by a family symmetry

SU(2)F
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SU(2)F

SU(10)GUT Symmetry
SU(5), SO(10), ...

family symmetry 
(T′, SU(2), ...)

  Motivation:  Tri-bimaximal 
(TBM) neutrino mixing

Discussion on Discrete gauge anomaly: 
Araki, Kobayashi, Kubo, Ramos-Sanchez, 

Ratz, Vaudrevange (2008)
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Tri-bimaximal Neutrino Mixing

• Neutrino Oscillation Parameters

• Latest Global Fit (3σ)

• Tri-bimaximal Mixing Pattern Harrison, Perkins, Scott (1999)

I. INTRODUCTION

The measurements of neutrino oscillation parameters have entered a precision era. The global

fit to current data from neutrino oscillation experiments give the following best fit values and 2σ

limits for the mixing parameters [1],

sin2
θ12 = 0.30 (0.25− 0.34), sin2

θ23 = 0.5 (0.38− 0.64), sin2
θ13 = 0 (< 0.028) . (1)

These values for the mixing parameters are very close to the values arising from the so-called

“tri-bimaximal” mixing (TBM) matrix [2],

UTBM =
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which predicts sin2
θatm, TBM = 1/2 and sin θ13,TBM = 0. In addition, it predicts sin2

θ⊙,TBM = 1/3

for the solar mixing angle. Even though the predicted θ⊙,TBM is currently still allowed by the

experimental data at 2σ, as it is very close to the upper bound at the 2σ limit, it may be ruled out

once more precise measurements are made in the upcoming experiments.

It has been pointed out that the tri-bimaximal mixing matrix can arise from a family symmetry

in the lepton sector based on A4 [3] , which is a group that describes the even permutations of

four objects and it has four in-equivalent representations, 1, 1�, 1�� and 3. However, due to its lack

of doublet representations, CKM matrix is an identity in most A4 models. In addition, to explain

the mass hierarchy among the charged fermions, one needs to resort to additional symmetry. It is

hence not easy to implement A4 as a family symmetry for both quarks and leptons [4].

In this letter, we consider a different finite group, the double tetrahedral group, (d)
T , which is a

double covering of A4. (For a classification of all finite groups up to order 32 that can potentially

be a family symmetry, see [5]). Because it has the same four in-equivalent representations as in

A4, the tri-bimaximal mixing pattern can be reproduced. In addition, (d)
T has three in-equivalent

doublets, 2, 2�, and 2��, which can be utilized to give the 2 + 1 representation assignments for the

quarks [6]. In the context of SU(2) flavor group, this assignment has been known to give realistic

quark mixing matrix and mass hierarchy [7]. Utilizing (d)
T as a family symmetry for both quarks

and leptons has been considered before in non-unified models [8, 9]. In Ref. [8], both quarks

and leptons (including the neutrinos) have 2 ⊕ 1 representation assignments under (d)
T , and the

prediction for the solar mixing angle is ∼ 10−3, which is in the region of small mixing angle solution

that has been ruled out by SNO and KamLAND. A recent attempt in [9] generalizes the (d)
T to
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I. INTRODUCTION

The measurement of various neutrino oscillation parameters has entered a precision era. At

present the global fit to a suite of oscillation experiments indicate the following best fit values and

3σ limits [1],

sin
2 θatm = 0.42 (0.34− 0.64) , sin2 θ⊙ = 0.306 (0.259− 0.359) ,

sin
2 θ13 = 0.021 (0.001− 0.044) ,

∆m2
atm = 2.35 (2.06− 2.67)× 10

−3
eV

2 , ∆m2
⊙ = 7.58 (6.99− 8.18)× 10

−5
eV

2 . (1)

The experimental values for the neutrino mixing angles are very close to the prediction of the

tri-bimaximal mixing (TBM) matrix [2],

UTBM =





�
2/3

�
1/3 0

−
�

1/6
�

1/3 −
�

1/2

−
�

1/6
�

1/3
�

1/2




, (2)

which predicts

sin
2 θTBM

atm = 1/2 , tan
2 θTBM

⊙ = 1/2 , sin θTBM
13 = 0 . (3)

The Super Kamiokande (SuperK) Collaboration recently presented [3] at Neutrino 2010 for the

very first time the best fit value for the leptonic Dirac CP phase,

δSK
� = 220

o . (4)

The recent result [4] from T2K Collaboration has given an indication of non-zero θ13. If the T2K

result holds up, it is likely that the value of θ13 will be measured within the next decade by the

reactor experiments. In addition, the Long Baseline Neutrino Experiment (LBNE), if approved,

will be able to determine the leptonic Dirac CP violating phase, δ�.

It has been realized that the TBM matrix can arise from an underlying A4 symmetry [5].

Nevertheless, A4 does not give rise to quark mixing [6], making it incompatible with grand unified

theory (GUT). On the other hand, the group T � [7, 8], which is the double covering of A4, can

successfully account for the quark sector as demonstrated in a SU(5) model constructed by us [7]. (It

is interesting to note that the particle content of Ref. [7] is free of discrete gauge anomaly [11, 12].)

One special property of the group T � is that its group theoretical Clebsch-Gordon (CG) coefficients

are intrinsically complex [9]. Based on this observation, we pointed out for the first time in Ref. [10]

2

Fogli, Lisi, Marrone, Palazzo, Rotunno, arXiv:1106.6028
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An Example: a SUSY SU(5) x T´ Model 

• Double Tetrahedral Group T´

• may arise from extra dimensions 

• Symmetries ⇒ 9 parameters in Yukawa sector ⇒ 22 physical observables

• neutrino mixing angles from group theory (CG coefficients)

• TBM: misalignment of symmetry breaking patterns

• neutrino sector: T’ → GTST2 ,  charged lepton sector: T’ → GT   

• GUT symmetry ⇒ deviation from TBM related to quark mixing θc

• complex CG’s of T´ ⇒ Novel Origin of CP Violation

• CP violation in both quark and lepton sectors entirely from group theory

• connection between leptogenesis and CPV in neutrino oscillation

• family symmetry: forbid Higgsino mediated proton decay

The vertices of a cube can be grouped into

two groups of four, each forming a regular

tetrahedron (see above, and also animation,

showing one of the two tetrahedra in the

cube). The symmetries of a regular

tetrahedron correspond to half of those of a

cube: those which map the tetrahedrons to

themselves, and not to each other.

The tetrahedron is the only Platonic solid

that is not mapped to itself by point

inversion.

The regular tetrahedron has 24 isometries,

forming the symmetry group Td,

isomorphic to S4. They can be categorized

as follows:

T, isomorphic to alternating group A4 (the identity and 11 proper rotations) with the following conjugacy

classes (in parentheses are given the permutations of the vertices, or correspondingly, the faces, and the
unit quaternion representation):

identity (identity; 1)
rotation about an axis through a vertex, perpendicular to the opposite plane, by an angle of ±120°:
4 axes, 2 per axis, together 8 ((1 2 3), etc.; (1±i±j±k)/2)
rotation by an angle of 180° such that an edge maps to the opposite edge: 3 ((1 2)(3 4), etc.; i,j,k)

reflections in a plane perpendicular to an edge: 6
reflections in a plane combined with 90° rotation about an axis perpendicular to the plane: 3 axes, 2 per
axis, together 6; equivalently, they are 90° rotations combined with inversion (x is mapped to !x): the
rotations correspond to those of the cube about face-to-face axes

The isometries of irregular tetrahedra

The isometries of an irregular tetrahedron depend on the geometry of the tetrahedron, with 7 cases possible. In

each case a 3-dimensional point group is formed.

An equilateral triangle base and isosceles (and non-equilateral) triangle sides gives 6 isometries,
corresponding to the 6 isometries of the base. As permutations of the vertices, these 6 isometries are the
identity 1, (123), (132), (12), (13) and (23), forming the symmetry group C3v, isomorphic to S3.

Four congruent isosceles (non-equilateral) triangles gives 8 isometries. If edges (1,2) and (3,4) are of
different length to the other 4 then the 8 isometries are the identity 1, reflections (12) and (34), and 180°
rotations (12)(34), (13)(24), (14)(23) and improper 90° rotations (1234) and (1432) forming the
symmetry group D2d.

Four congruent scalene triangles gives 4 isometries. The isometries are 1 and the 180° rotations (12)(34),

(13)(24), (14)(23). This is the Klein four-group V4 ! Z2
2, present as the point group D2.

Two pairs of isomorphic isosceles (non-equilateral) triangles. This gives two opposite edges (1,2) and
(3,4) that are perpendicular but different lengths, and then the 4 isometries are 1, reflections (12) and
(34) and the 180° rotation (12)(34). The symmetry group is C2v, isomorphic to V4.

Two pairs of isomorphic scalene triangles. This has two pairs of equal edges (1,3), (2,4) and (1,4), (2,3)
but otherwise no edges equal. The only two isometries are 1 and the rotation (12)(34), giving the group

The proper rotations and reflections in the symmetry group of the

regular tetrahedron
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M.-C.C, K.T. Mahanthappa
Phys. Lett. B652, 34 (2007);  
Phys. Lett. B681, 444 (2009)

M.-C.C, K.T. Mahanthappa, 
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Predictions: a SUSY SU(5) x T´ Model

• Charged Fermion Sector (7 parameters)

Vcb Vub

Georgi-Jarlskog relations at GUT scale
⇒ Vd,L ≠ I

angle, the corresponding mixing angle in the charged lepton sector, θ
e
12, is much suppressed due to

the GJ relations,

θ
e
12 �

�
me

mµ
� 1

3

�
md

ms
∼ 1

3
θc . (18)

As a result, the correction to the tri-bimaximal mixing pattern due to the mixing in the charged

lepton sector is small, and is given, to the leading order, by,

tan2
θ⊙ � tan2

θ⊙,TBM − e
iβ

θc/3 , (19)

where the relative phase β is determined by the strengths and phases of the VEV’s, φ0 and ψ
�
0.

With θc � 0.22 and (φ0ψ
�
0) being real, the factor e

iβ turns out to be very close to 1. This

deviation thus naturally accounts for the difference between the prediction of the TBM matrix,

which gives tan2
θ⊙,TBM = 1/2, and the experimental best fit value, tan2

θ⊙,exp = 0.429. The

off diagonal matrix element in Me also generates a non-zero value for the neutrino mixing angle

θ13 � θc/3
√

2 ∼ 0.05. We note that a more precise measurement of tan θ⊙ will pin down the

phase of φ0ψ
�
0, and thus the three leptonic CP phases, which may yield interesting consequences

on leptogenesis [10] and lepton flavor violating processes [11].

III. NUMERICAL RESULTS

The observed quark masses respect the following relation,

mu : mc : mt = �
2
u : �u : 1, md : ms : mb = �

2
d : �d : 1 , (20)

where �u � (1/200) = 0.005 and �d � (1/20) = 0.05.

In our model, the mass matrices for the down type quarks and charged leptons can be

parametrized as,

Md

ybvdφ0ζ0
=





0 (1 + i)b 0

−(1− i)b c 0

b b 1




,

Me

ybvdφ0ζ0
=





0 −(1− i)b b

(1 + i)b −3c b

0 0 1




,

(21)

and with the choice of b ≡ φ0ψ
�
0/ζ0 = 0.00789 and c ≡ ψ0N0/ζ0 = 0.0474, the mass ratios for the

down type quarks and for the charged leptons are given by,

md : ms : mb = 0.00250 : 0.0499 : 1.00 , (22)

me : mµ : mτ = 0.000870 : 0.143 : 1.00 . (23)
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The correction to the θ12 due to mixing in the charged lepton sector can account for the difference

between sin2
θ
2
12 = 1/3 in the tri-bimaximal mixing matrix and the experimentally observed best

fit value, sin2
θ12 = 0.3. The GJ relation for the first family, md � 3me, is obtained due to the

operator H5FTaφ
2
ψ
�, which further breaks the (d)

T symmetry down to nothing. The mass matrices

for the down type quarks and charged leptons are thus given by,

Md =





0 (1 + i)φ0ψ
�
0 0

−(1− i)φ0ψ
�
0 ψ0N0 0

φ0ψ
�
0 φ0ψ

�
0 ζ0




ybvdφ0, (15)

Me =





0 −(1− i)φ0ψ
�
0 φ0ψ

�
0

(1 + i)φ0ψ
�
0 −3ψ0N0 φ0ψ

�
0

0 0 ζ0




ybvdφ0 (16)

where we have absorbed the coupling constants yd and ys by re-scaling the VEV’s, φ0 and ψ
�
0.

Since the off diagonal elements in these mass matrices involve two VEV’s, φ0ψ
�
0, they are naturally

smaller compared to ψ0, assuming the VEV’s are naturally of the same order of magnitude. Besides

explaining the mass hierarchy, it gives rise to the correct GJ relations in the first and the second

families. Furthermore, as b is small, the corrections to θ12 and θ13 in the neutrino sector are under

control. Note that there is no correction to Md, e given above at least to the order of dim-7.

The up quark masses are generated by the following Yukawa interactions, LTT . When the
(d)

T symmetry is exact, the only operator that is allowed is H5T3T3, thus only top quark mass is

generated, which naturally explains why the top mass is much larger than all other fermion masses.

When
�
ψ

�
breaks (d)

T down to GT, the mass mc and Vtd is generated by the operators, H5T3Taφζ

and H5TaTaφ
2. The breaking of (d)

T → GTST2 gives rise the up quark mass through the operator

H5TaTbφ
�3. These interactions give rise to the following mass matrix for the up type quarks,

Mu =





iφ
�3
0

1−i
2 φ

�3
0 0

1−i
2 φ

�3
0 φ

�3
0 + (1− i

2)φ2
0 y

�
ψ0ζ0

0 y
�
ψ0ζ0 1




ytvu , (17)

where we have absorbed yc/yt and yu/yt by re-scaling the VEV’s of ψ0 and φ
�
0, and y

� = yts/
√

ycyt.

The mixing angel θ
u
12 from the up type quark mass matrix given in Eq. 17 is related to mc and

mu as θ
u
12 �

�
mu/mc, while the mixing angle θ

d
12 arising from the down quark mass matrix Md

given in Eq. 15 is related to the ratio of md and ms as θ
d
12 �

�
md/ms, to the leading order. The

Cabibbo angle, θc, is therefore given by θc �
���md/ms − e

iα
�

mu/mc

�� ∼
�

md/ms, where the

relative phase α depends upon the coupling constants. Even though θ
d
12 is of the size of the Cabibbo

7

12

ybvdφ0

sin 2β = 0.672+0.069
−0.07

γ (deg) = 71+46
−45

α (deg) = 89+21
−13

τ(p → e
+π0) > 8.2× 1033 years (90% CL, SuperK 2009) (1)

τ(p → νK+) > 2.3× 1033 years (90% CL, SuperK 2005) (2)

V
†
e,RMeVe,L = diag(me,mµ,mτ )

V
T
ν,LMνVν,L = diag(m1,m2,m3)

V
†
u,RMuVu,L = diag(mu,mc,mt)

V
†
d,RMνVd,L = diag(md,ms,mb)

current bound: | �m� | ≡
����
�

i=1,2,3

miU
2
ie

���� (3)

�̃ q̃ H̃

����|
√
m1|+ |

√
m3|

���� = 2|
√
m2| for (3ξ0 + η0)(3ξ0 − η0) > 0

����|
√
m1|− |

√
m3|

���� = 2|
√
m2| for (3ξ0 + η0)(3ξ0 − η0) < 0

T
� → GS : �ζ� = ζ0 , �ζ �� = ζ �0

m1 = (3ξ0 + η0)
2 (ζ0ζ

�
0vu)

2

s0Λ

m2 = η20
(ζ0ζ �0vu)

2

s0Λ

m3 = −(−3ξ0 + η0)
2 (ζ0ζ

�
0vu)

2

s0Λ

1

M.-C.C, K.T. Mahanthappa
Phys. Lett. B652, 34 (2007);  
Phys. Lett. B681, 444 (2009)

spinorial representations ⇒ complex CGs 

⇒ CPV in quark sector

The correction to the θ12 due to mixing in the charged lepton sector can account for the difference

between sin2
θ12 = 1/3 in the tri-bimaximal mixing matrix and the experimentally observed best

fit value, sin2
θ12 = 0.3. The GJ relation for the first family, md � 3me, is obtained due to the

operator H5FTaφ
2
ψ
�, which further breaks the (d)

T symmetry down to nothing. The mass matrices

for the down type quarks and charged leptons are thus given by,

Md =





0 (1 + i)φ0ψ
�
0 0

−(1− i)φ0ψ
�
0 ψ0N0 0

φ0ψ
�
0 φ0ψ

�
0 ζ0




ybvdφ0, (15)

Me =





0 −(1− i)φ0ψ
�
0 φ0ψ

�
0

(1 + i)φ0ψ
�
0 −3ψ0N0 φ0ψ

�
0

0 0 ζ0




ybvdφ0 (16)

where we have absorbed the coupling constants yd and ys by re-scaling the VEV’s, φ0 and ψ
�
0.

Since the off diagonal elements in these mass matrices involve two VEV’s, φ0ψ
�
0, they are naturally

smaller compared to ψ0, assuming the VEV’s are naturally of the same order of magnitude. Besides

explaining the mass hierarchy, it gives rise to the correct GJ relations in the first and the second

families. Furthermore, as b is small, the corrections to θ12 and θ13 in the neutrino sector are under

control. Note that there is no correction to Md, e given above at least to the order of dim-7.

The up quark masses are generated by the following Yukawa interactions, LTT . When the
(d)

T symmetry is exact, the only operator that is allowed is H5T3T3, thus only top quark mass is

generated, which naturally explains why the top mass is much larger than all other fermion masses.

When
�
ψ

�
breaks (d)

T down to GT, the mass mc and Vtd is generated by the operators, H5T3Taφζ

and H5TaTaφ
2. The breaking of (d)

T → GTST2 gives rise the up quark mass through the operator

H5TaTbφ
�3. These interactions give rise to the following mass matrix for the up type quarks,

Mu =





iφ
�3
0

1−i
2 φ

�3
0 0

1−i
2 φ

�3
0 φ

�3
0 + (1− i

2)φ2
0 y

�
ψ0ζ0

0 y
�
ψ0ζ0 1




ytvu , (17)

where we have absorbed yc/yt and yu/yt by re-scaling the VEV’s of ψ0 and φ
�
0, and y

� = yts/
√

ycyt.

The mixing angel θ
u
12 from the up type quark mass matrix given in Eq. 17 is related to mc and

mu as θ
u
12 �

�
mu/mc, while the mixing angle θ

d
12 arising from the down quark mass matrix Md

given in Eq. 15 is related to the ratio of md and ms as θ
d
12 �

�
md/ms, to the leading order. The

Cabibbo angle, θc, is therefore given by θc �
���md/ms − e

iα
�

mu/mc

�� ∼
�

md/ms, where the

relative phase α depends upon the coupling constants. Even though θ
d
12 is of the size of the Cabibbo

7

H5T3Ta ψ
�
, ψ

ψφ, ψφ
�
, ψ

�
φ, ψ

�
φ

�
, ψ

�
ζ, ψ

�
N, ψN

ψ
3
, ψψ

�2
, ψφ

2
, ψφ

�2
, ψφζ, ψφ

�
ζ, ψ

�3
, ψ

�
ψ

2
, ψ

�
φ

2
, ψ

�
φ

�2
, ψ

�
φζ, ψ

�
φ

�
ζ,

ψφN,ψφ
�
N, ψ

�
φN,ψ

�
φ

�
N

ψξ, ψ
�
ξ, ψξ

2
, ψξφ, ψξφ

�
, ψξζ, ψ

�
ξ
2

ψ
�
ξφ, ψ

�
ξφ

�
, ψ

�
ξζ, ψξN, ψ

�
ξN, ψ

�
η, ψφη, ψφ

�
η, ψξη,

ψ
�
φη, ψ

�
φ

�
η, ψ

�
ξη, ψη, ψφη, ψφ

�
η, ψ

�
φη, ψ

�
φ

�
η, ψφη, ψφ

�
η, ψ

�
φη, ψ

�
φ

�
η

H5TaTa φ, φ
�

φ
�2

, ψ
2
, ψ

�2
, φφ

�
, ψψ

�

φ
3
, φ

2
ζ, φζ

2
, φ

�2
ζ, φ

�
ζ
2
,φφ

�
ζ, φφ

�2
, φ

�
φ

2
, φN

2
, φ

�
N

2
, φ

�2
N, φφ

�
N, φNζ, φ

�
Nζ

ξ, ξ
2
, ξζ, ξN, ξη, ξ

2
, ξφ, ξφ

�
, ξ

3
, ξ

2
ζ, ξ

2
η, ξ

2
ζ, ξNζ, ξNη, ξζη, ξφ

2
, ξφ

�2
, ξφφ

�
,

ξ
2
φ, ξ

2
φ

�
, ξφN, ξφη, ξφζ, ξφ

�
N, ξφ

�
η, ξφ

�
ζ, φ

2
η, φη

2
, φηN, φηζ, φ

�
η
2
, φ

�
ηN,

φ
�
ηζ,φη, φ

�
η, ξN

2
, ξη

2
, ξζ

2

H5FT3 φ, φ
�

ψ
2
, φ

2
, φ

�2
, φ

�
φ, ψ

�2
, ψψ

�
, φ

�
ζ, φ

�
N, φN

φ
3
, φ

�3
, φ

2
φ

�
, φφ

�2
, φζ

2
, φ

�
ζ
2
,φψ

2
, φ

�
ψ

�2
, ζψ

2
, ζψ

�2
, φ

�
ψ

2
, φψ

2
,

φN
2
, φ

�
N

2
, φNζ, φ

�
Nζ, Nψ

2
, ζψ

2
, ζψψ

�
, Nψψ

�

ξ, ξ
2
, ξN, ξζ, ξη, ξφ, ξφ

�
, ξ

3
, ξ

2
N, ξ

2
ζ, ξ

2
η, ξ

2
φ, ξ

2
φ

�
, ξφ

2
,

ξφ
�2

, ξφφ
�
, ξφN, ξφζ, ξφη, ξφ

�
N, ξφ

�
ζ, ξφ

�
η, φ

�
η, φη

2
, φηN, φηζ, φ

�
η
2
, φ

�
ηN, φ

�
ηζ, ηψ

2
,

ηψ
�2

, φη, φηN, φηζ, φ
�
η
2
, φ

�
ηN, ηψψ

�

H5FTa ψ, ψ
�

ψφ
�
, ψ

�
φ, ψ

�
φ

�
, φψ

ψφ
2
, ψφζ, ψ

�
φζ, ψφ

�2
, ψ

�
φ

�2
, ψφφ

�
, ψ

�
φφ

�
, ψφ

�
ζ, ψ

�
φ

�
ζ, ψφN, ψ

�
φN, ψφ

�
N, ψ

�
φ

�
N

ψξ, ψ
�
ξ, ψξ

2
, ψ

�
ξ
2
, ψξφ, ψξφ

�
, ψ

�
ξφ, ψ

�
ξφ

�
,

ψξN, ψξη,ψξζ, ψ
�
ξζ, ψ

�
ξη, ψ

�
ξN, ψφη, ψ

�
φη, ψ

�
φ

�
η, ψφ

�
η, ψ

�
φ

�
η, ψφη, ψ

�
φη

TABLE II: Additional operators that are allowed by the SU(5) × (d)
T symmetry up to dim-7. For each

operator shown above, there is a corresponding one with H5 ↔ ∆45.

Upon the breaking of (d)
T → GT, the operator ∆45FTaφN contributes to the (22) element in Md, e,

and thus gives rise to ms and mµ. As this operator involves ∆45, the GJ relation for the second

family, mµ � 3ms is obtained. If no further symmetry breaking takes place, the first generation

masses, md and me vanishes. At this stage, the diagonalization mass matrix for the charged leptons

(and down type quark) is identity, and hence the the tri-bimaximal mixing matrix is exact.

To obtain the correct mass relation for the first generation, it inevitably calls for flavor mixing

in the down quark sector, which then leads to corrections to the tri-bimaximal mixing pattern.
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SU(5) ⇒ Md = (Me)T 

⇒ corrections to TBM related to θc
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quark CP phase:  γ = 45.6 degrees



Predictions: a SUSY SU(5) x T´ Model

• Neutrino Sector (2 parameters):

• Seesaw mechanism:

• Prediction for MNS matrix:

• sum rule among absolute masses:

UMNS = V †
e,LUTBM =




1 −θc/3 ∗

θc/3 1 ∗
∗ ∗ 1









�
2/3 1/

√
3 0

−
�

1/6 1/
√

3 −1/
√

2
−

�
1/6 1/

√
3 1/

√
2





(1)

1

The values in Eq. 46 correspond to the following parameters in the standard
parametrization (PDG),

s12 ≡ λ = 0.227, s23 ≡ Aλ2 = 0.0411, s13 = 0.00412, c12 = 0.974, c23 = c13 � 0 .
(49)




0.838 0.542 0.0583e−i227o

−0.385− 0.0345ei227o
0.594− 0.0224ei227o

0.705
0.384− 0.0346ei227o −0.592− 0.0224ei227o

0.707



 (50)

→ |UMNS | =




0.838 0.542 0.0583
0.362 0.610 0.705
0.408 0.577 0.707



 (51)

J� = −0.00967 (52)

Charged lepton diagonalization matrix:



0.997ei177o

0.0823ei131o
1.31× 10−5e−i45o

0.0823ei41.8o
0.997ei176o

0.000149e−i3.58o

1.14× 10−6 0.000149 1



 (53)

sin2 2θatm = 1, tan2 θ⊙ = 0.419, |Ue3| = 0.0583 (54)

tan2 θ⊙ � tan2 θ⊙,TBM +
1
2
θc cos δ (55)

4

neutrino mixing
angle

1/2 quark mixing
angle

complex CGs: leptonic Dirac CPV 

angle, the corresponding mixing angle in the charged lepton sector, θe
12, is much suppressed due to

the GJ relations,

θe
12 �

�
me

mµ
� 1

3

�
md

ms
∼ 1

3
θc . (18)

As a result, the correction to the tri-bimaximal mixing pattern due to the mixing in the charged

lepton sector is small, and is given, to the leading order, by,

tan2 θ⊙ � tan2 θ⊙,TBM − eiβθc/3 , (19)

where the relative phase β is determined by the strengths and phases of the VEV’s, φ0 and ψ�
0.

With θc � 0.22 and (φ0ψ�
0) being real, the factor eiβ turns out to be very close to 1. This

deviation thus naturally accounts for the difference between the prediction of the TBM matrix,

which gives tan2 θ⊙,TBM = 1/2, and the experimental best fit value, tan2 θ⊙,exp = 0.429. The

off diagonal matrix element in Me also generates a non-zero value for the neutrino mixing angle

θ13 � θc/3
√

2 ∼ 0.05. We note that a more precise measurement of tan θ⊙ will pin down the

phase of φ0ψ�
0, and thus the three leptonic CP phases, which may yield interesting consequences

on leptogenesis [10] and lepton flavor violating processes [11].

III. NUMERICAL RESULTS

The observed quark masses respect the following relation,

mu : mc : mt = �2u : �u : 1, md : ms : mb = �2d : �d : 1 , (20)

where �u � (1/200) = 0.005 and �d � (1/20) = 0.05.

In our model, the mass matrices for the down type quarks and charged leptons can be

parametrized as,

Md

ybvdφ0ζ0
=





0 (1 + i)b 0

−(1− i)b c 0

b b 1




,

Me

ybvdφ0ζ0
=





0 −(1− i)b b

(1 + i)b −3c b

0 0 1




,

(21)

and with the choice of b ≡ φ0ψ�
0/ζ0 = 0.00789 and c ≡ ψ0N0/ζ0 = 0.0474, the mass ratios for the

down type quarks and for the charged leptons are given by,

md : ms : mb = 0.00250 : 0.0499 : 1.00 , (22)

me : mµ : mτ = 0.000870 : 0.143 : 1.00 . (23)
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CGs of 
SU(5) & T´

⇒ connection between 

leptogenesis & leptonic
 CPV at low energy
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Model Predictions

• Resulting neutrino mass matrices

• seesaw mechanism: effective neutrino mass matrix

• mass sum rule among 3 masses

Group Theoretical Origin of CP Violation

K.T. Mahanthappa

July 14, 2010

Experimentally, the best fit values for the neutrino mixing angles are very
close to the prediction of the tri-bimaximal mixing (TBM) matrix [4],

UTBM =





�
2/3

�
1/3 0

−
�
1/6

�
1/3 −

�
1/2

−
�
1/6

�
1/3

�
1/2



 (1)

which predicts sin2 θatm = 1/2, tan2 θ⊙ = 1/2 and sin θ13 = 0. It has been
realized that the TBM matrix can arise from an underlying A4 symmetry [5].
Nevertheless, A4 does not give rise to quark mixing [6]. Even though the exact
TBM matrix does not give rise to CP violation, due to the correction from the
charged lepton sector in our model, leptonic CP violation can still arise.

The Lagrangian of the Yukawa sector of the model is given by,

WYuk = WTT +WTF +Wν , (2)

where

WTT = ytH5T3T3 +
1

Λ2
H5

�
ytsT3Taψζ + ycTaTbφ

2

�
+

1

Λ3
yuH5TaTbφ

�3 (3)

WTF =
1

Λ2
ybH

�
5FT3φζ +

1

Λ3

�
ys∆45FTaφψN + ydH5

�FTaφ
2ψ�

�
(4)

Wν = λ1NNS +
1

Λ3

�
H5FNζζ �

�
λ2ξ + λ3η

��
(5)

Λ : scale above which T
� is exact

MRR =




1 0 0
0 0 1
0 1 0



 s0Λ

�S� = s0Λ

�η� = η0Λ

2

only vector representations
⇒ all CG are real

⇒ Leptonic CPV from   
       charged lepton sector 

I. INTRODUCTION

The measurements of neutrino oscillation parameters have entered a precision era. The global

fit to current data from neutrino oscillation experiments give the following best fit values and 2σ

limits for the mixing parameters [1],

sin2 θ12 = 0.30 (0.25− 0.34), sin2 θ23 = 0.5 (0.38− 0.64), sin2 θ13 = 0 (< 0.028) . (1)

These values for the mixing parameters are very close to the values arising from the so-called

“tri-bimaximal” mixing (TBM) matrix [2],

UTBM =





�
2/3 1/

√
3 0

−
�

1/6 1/
√

3 −1/
√

2

−
�

1/6 1/
√

3 1/
√

2




, (2)

which predicts sin2 θatm, TBM = 1/2 and sin θ13,TBM = 0. In addition, it predicts sin2 θ⊙,TBM = 1/3

for the solar mixing angle. Even though the predicted θ⊙,TBM is currently still allowed by the

experimental data at 2σ, as it is very close to the upper bound at the 2σ limit, it may be ruled out

once more precise measurements are made in the upcoming experiments.

It has been pointed out that the tri-bimaximal mixing matrix can arise from a family symmetry

in the lepton sector based on A4 [3] , which is a group that describes the even permutations of

four objects and it has four in-equivalent representations, 1, 1�, 1�� and 3. However, due to its lack

of doublet representations, CKM matrix is an identity in most A4 models. In addition, to explain

the mass hierarchy among the charged fermions, one needs to resort to additional symmetry. It is

hence not easy to implement A4 as a family symmetry for both quarks and leptons [4].

In this letter, we consider a different finite group, the double tetrahedral group, (d)T , which is a

double covering of A4. (For a classification of all finite groups up to order 32 that can potentially

be a family symmetry, see [5]). Because it has the same four in-equivalent representations as in

A4, the tri-bimaximal mixing pattern can be reproduced. In addition, (d)T has three in-equivalent

doublets, 2, 2�, and 2��, which can be utilized to give the 2 + 1 representation assignments for the

quarks [6]. In the context of SU(2) flavor group, this assignment has been known to give realistic

quark mixing matrix and mass hierarchy [7]. Utilizing (d)T as a family symmetry for both quarks

and leptons has been considered before in non-unified models [8, 9]. In Ref. [8], both quarks

and leptons (including the neutrinos) have 2 ⊕ 1 representation assignments under (d)T , and the

prediction for the solar mixing angle is ∼ 10−3, which is in the region of small mixing angle solution

that has been ruled out by SNO and KamLAND. A recent attempt in [9] generalizes the (d)T to

2

Form diagonalizable: 
-- no adjustable parameters
-- neutrino mixing from CG coefficients!
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T3 Ta F N H5 H
�
5

∆45 φ φ� ψ ψ� ζ ζ � ξ η S

SU(5) 10 10 5 1 5 5 45 1 1 1 1 1 1 1 1 1

T
�

1 2 3 3 1 1 1
�

3 3 2
�

2 1
��

1
�

3 1 1

Z12 ω5 ω2 ω5 ω7 ω2 ω2 ω5 ω3 ω2 ω6 ω9 ω9 ω3 ω10 ω10 ω10

Z
�
12 ω ω4 ω8 ω5 ω10 ω10 ω3 ω3 ω6 ω7 ω8 ω2 ω11

1 1 ω2

Table 1: Field content of our model. The three generations of matter fields in

10 and 5 of SU(5) are in the T3, Ta (a = 1, 2) and F multiplets. The Higges

that are needed to generate SU(5) invariant Yukawa interactions are H5, H
�
5

and ∆45. The flavon fields φ through N are those that give rise to the charged

fermion mass matrices, while ξ and η are the ones that generate neutrino masses.

The Z12 charges are given in terms of the parameter ω = e
iπ/6

.

�S� = s0Λ

�η� = η0Λ

U
T
TBMMνUTBM = diag((3ξ0 + η0)

2
, η20 ,−(−3ξ0 + η0)

2
)
(ζ0ζ �0vu)

2

s0Λ

which is invariant under SU(5) × T
�
and it is CP non-invariant. Here the

parameter Λ is the cutoff scale of the T
�
symmetry while MX is the scale where

lepton number violating operators are generated. Note that all Yukawa coupling

constants, yx, in the Lagrangian are real parameters. Even if they are made

complex, their phases can be absorbed by redefinition of the Higgs and flavon

fields. The T
�
flavon fields acquire vacuum expectation values along the following

direction,

�ξ� =




1

1

1



 ξ0Λ , �φ�� =




1

1

1



φ�
0Λ , (6)

�φ� =




0

0

1



φ0Λ , �ψ� =
�

1

0

�
ψ0Λ , (7)

�ψ�� =
�

1

1

�
ψ�
0Λ , (8)

�ζ� = ζ0Λ , �N� = N0Λ , �η� = u0Λ . (9)

Note that all the expectation values are real and they don’t contribute to CP

violation. (An interesting possibility of having spontaneous CP violation even

though the VEVs of scalars are real has been discussed [13].)
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Group Theoretical Origin of CP Violation

K.T. Mahanthappa

July 16, 2010

1 Introduction

Experimentally, the best fit values for the neutrino mixing angles are very close
to the prediction of the tri-bimaximal mixing (TBM) matrix [4],

UTBM =





�
2/3

�
1/3 0

−
�
1/6

�
1/3 −

�
1/2

−
�
1/6

�
1/3

�
1/2



 (1)

which predicts sin2 θatm = 1/2, tan2 θ⊙ = 1/2 and sin θ13 = 0. It has been
realized that the TBM matrix can arise from an underlying A4 symmetry [5].
Nevertheless, A4 does not give rise to quark mixing [6]. Even though the exact
TBM matrix does not give rise to CP violation, due to the correction from the
charged lepton sector in our model, leptonic CP violation can still arise.

The Lagrangian of the Yukawa sector of the model is given by,

WYuk = WTT +WTF +Wν , (2)

where

WTT = ytH5T3T3 +
1

Λ2
H5

�
ytsT3Taψζ + ycTaTbφ

2

�
+

1

Λ3
yuH5TaTbφ

�3 (3)

WTF =
1

Λ2
ybH

�
5FT3φζ +

1

Λ3

�
ys∆45FTaφψζ

� + ydH5
�FTaφ

2ψ�
�

(4)

Wν = λ1NNS +
1

Λ3

�
H5FNζζ �

�
λ2ξ + λ3η

��
(5)

Λ : scale above which T
� is exact

MRR =




1 0 0
0 0 1
0 1 0



 s0Λ

MD =




2ξ0 + η0 −ξ0 −ξ0
−ξ0 2ξ0 −ξ0 + η0
−ξ0 −ξ0 + η0 2ξ0



 ζ0ζ
�
0vu

2

�ζ �� = ζ �0

tan2 θ⊙,exp = 0.468

h = Uν,RMD

S0 = 1012 GeV

�S� = S0

2

�ζ �� = ζ �0

tan2 θ⊙,exp = 0.468

h = Uν,RMD

S0 = 1012 GeV

�S� = S0

2

M.-C.C, K.T. Mahanthappa
Phys. Lett. B652, 34 (2007);  Phys. Lett. B681, 444 (2009)

normal hierarchy predicted

General conditions for form diagonalizability:
M.-C.C., S.F. King, JHEP0906, 072  (2009)
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T3 Ta F N H5 H
�
5

∆45 φ φ� ψ ψ� ζ ζ � ξ η S

SU(5) 10 10 5 1 5 5 45 1 1 1 1 1 1 1 1 1

T
�

1 2 3 3 1 1 1
�

3 3 2
�

2 1
��

1
�

3 1 1

Z12 ω5 ω2 ω5 ω7 ω2 ω2 ω5 ω3 ω2 ω6 ω9 ω9 ω3 ω10 ω10 ω10

Z
�
12 ω ω4 ω8 ω5 ω10 ω10 ω3 ω3 ω6 ω7 ω8 ω2 ω11

1 1 ω2

Table 1: Field content of our model. The three generations of matter fields in

10 and 5 of SU(5) are in the T3, Ta (a = 1, 2) and F multiplets. The Higges

that are needed to generate SU(5) invariant Yukawa interactions are H5, H
�
5

and ∆45. The flavon fields φ through N are those that give rise to the charged

fermion mass matrices, while ξ and η are the ones that generate neutrino masses.

The Z12 charges are given in terms of the parameter ω = e
iπ/6

.

�S� = s0Λ

�η� = η0Λ

U
T
TBMMνUTBM = diag((3ξ0 + η0)

2
, η20 ,−(−3ξ0 + η0)

2
)
(ζ0ζ �0vu)

2

s0Λ

which is invariant under SU(5) × T
�
and it is CP non-invariant. Here the

parameter Λ is the cutoff scale of the T
�
symmetry while MX is the scale where

lepton number violating operators are generated. Note that all Yukawa coupling

constants, yx, in the Lagrangian are real parameters. Even if they are made

complex, their phases can be absorbed by redefinition of the Higgs and flavon

fields. The T
�
flavon fields acquire vacuum expectation values along the following

direction,

�ξ� =




1

1

1



 ξ0Λ , �φ�� =




1

1

1



φ�
0Λ , (6)

�φ� =




0

0

1



φ0Λ , �ψ� =
�

1

0

�
ψ0Λ , (7)

�ψ�� =
�

1

1

�
ψ�
0Λ , (8)

�ζ� = ζ0Λ , �N� = N0Λ , �η� = u0Λ . (9)

Note that all the expectation values are real and they don’t contribute to CP

violation. (An interesting possibility of having spontaneous CP violation even

though the VEVs of scalars are real has been discussed [13].)

3

normal hierarchy predicted

M.-C.C, K.T. Mahanthappa
Phys. Lett. B652, 34 (2007);  
Phys. Lett. B681, 444 (2009)

δ = 227 degrees



Sum Rules: Quark-Lepton Complementarity

• QLC-I

• QLC-II

• testing sum rules: a more robust way to distinguish different classes of models

mixing parameters best fit 3σ range

θq
23 2.36o 2.25o - 2.48o

θq
12 12.88o 12.75o - 13.01o

θq
13 0.21o 0.17o - 0.25o

mixing parameters best fit 3σ range

θe
23 42.8o 35.5o - 53.5o

θe
12 34.4o 31.5o - 37.6o

θe
13 5.6o ≤ 12.5o 

Quark Mixing Lepton Mixing

θc + θsol ≅ 45o

tan2θsol ≅ tan2θsol,TBM + (θc / 2) * cos δe 

θq23 + θe23 ≅ 45o

Raidal, ‘04; Smirnov, Minakata, ‘04

Ferrandis, Pakvasa; King; Dutta, 
Mimura; M.-C.C., Mahanthappa 

θe13 ≅ θc / 3√2

need improved δθ12 measurement

(BM)

(TBM)
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measuring leptonic 
mixing parameters to 

the precision of 
those in quark sector

Mu-Chun Chen, UC Irvine                                                  Intensity Frontier Workshop                                          Rockville, MD, 11/30/2011



Correlations among other Observables

• SUSY GUTs:  Lepton flavor violating charged lepton decays 

• five viable SUSY SO(10) models with dark matter constraints:

15Mu-Chun Chen, UC Irvine                                                  Intensity Frontier Workshop                                          Rockville, MD, 11/30/2011

Distinguishing Different Models: 
    SO(10) SUSY GUTs example with DM constraints

16

‣ individual branching 
fraction: strong 
dependence on soft 
SUSY parameters

‣correlations between 
branching fractions: 
strong dependence on 
flavor structure 

C.H. Albright, M.-C.C (2008)



Correlations among other Observables

• MSSM with bi-linear R-Parity Violation

• TeV scale mechanism for neutrino mass

• mixing angle ↔ neutralino decay

16Mu-Chun Chen, UC Irvine                                                  Intensity Frontier Workshop                                          Rockville, MD, 11/30/2011
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2.3. Radiative Seesaw

The smallness of the neutrino masses can also be explained if the neutrino masses
are generated radiatively30. This is achieved in Ref. 31 at two-loops by having
additional singly-charged SU(2)L singlet scalar fields and doubly-charged SU(2)L
singlet scalar fields (Zee-Babu Model). With an additional Z2 symmetry, it is also
possible for the light neutrino masses to arise only at the higher loop levels with
TeV scale RH neutrinos32,33,34. Given that the new particles introduced in these
TeV scale models differ model by model, the collider signatures35 are quite model
dependent. It is to be noted that in the class of models with Z2 symmetry, there is
naturally a dark matter candidate32,33,34,36. The new particles involved in the loop
may also be charged under the color SU(3)37. In this case, the production cross
section can be enhanced.

Radiative neutrino mass generation described above can naturally be embe-
ded into models with Coleman-Weinberg symmetry breaking38. The new TeV scale
scalars required achieve radiative EW symmetry breaking also contribute to the
generation of neutrino masses.

2.4. MSSM with R-Parity Violation

Neutrino mass generation can also arise in models39 with R-parity violation, through
the Bi-linear lepton number violating operators,

WR = �iL̂iĤu , (13)

where �i are coefficients of the operators of unit of mass. As the above operators
are the only R-parity violating operator allowed in the model, proton decay is
not induced. In a specific minimal realization40 in MSSM with the Bi-linear lepton
number violating operators, a correlation is found41 between the atmospheric mixing
angle and branching fractions of neutralino decays,

tan2 θatm � BR(χ̃0
1 → µ

±
W

∓)

BR(χ̃0
1 → τ±W∓)

, (14)

as the scale of ∆m
2
atm is generated at tree level through the exchange of a weak scale

neutralino. The scale of ∆m
2
⊙ arises radiatively. At the LHC with 100 fb−1 at 14

TeV, it is possible to probe a large fraction of the parameter space admitted by the
neutrino oscillation data in this scenario.

2.5. TeV Scale Extra Dimension

Warped extra dimension is an alternative to supersymmetry as a solution to the
gauge hierarchy problem, which requires the scale of the first Kaluza-Klein (KK)
mode is on the order of a TeV. Due to the small overlap between the wave functions
of the lepton doublets and the RH neutrinos, small neutrino masses of the Dirac
type can naturally be generated42. (Neutrinos of the Majorana type can also be

2

persymmetry (SUSY) with bilinear violation of R parity can be tested at the LHC in a crucial way and potentially

falsified. We identify the regions of minimal supergravity (mSUGRA) parameters, event reconstruction efficiencies and

luminosities where the LHC will be able to probe the atmospheric neutrino mixing angle with sensitivity competitive

to its low-energy determination by underground experiments, both for 7 and 14 TeV center-of-mass energies.

For the sake of definiteness, we consider the minimal supergravity model supplemented with bilinear R parity

breaking [22–24] added at the electroweak scale; we refer to this scenario as RmSUGRA. In this effective model one

typically finds that the atmospheric scale is generated at tree level by a weak-scale neutralino-exchange seesaw, while

the solar scale is induced radiatively [22]. The LSP lacks a symmetry to render it stable and, given the neutrino mass

scales indicated by oscillation experiments, typically decays inside the LHC detectors [22, 23, 25] 1. As an illustration

we depict the neutralino LSP decay length in Fig. 1. We can see from Fig. 1 that the expected decay lengths are large

enough to be experimentally resolved, leading to displaced vertex events [33, 34].

Figure 1: χ̃0
1 decay length in the plane m0,m1/2 for A0 = −100 GeV, tan β = 10 and µ > 0.

More strikingly, one finds that in such a RmSUGRA model one has a strict correlation between neutralino de-

cay properties measurable at high-energy collider experiments and neutrino mixing angles determined in low-energy

neutrino oscillation experiments, that is

tan2 θatm !
BR(χ̃0

1 → µ±W∓)

BR(χ̃0
1 → τ±W∓)

. (1)

The derivation of Eq. (1) can be found in [25]. In short, the relation between the neutralino decay branching ratio

and the low-energy neutrino angle in the bilinear model can be understood in the following way. At tree-level in

RmSUGRA the neutrino mass matrix is given by [22]

meff =
M1g2+M2g′

2

4 det(Mχ0)







Λ2
e ΛeΛµ ΛeΛτ

ΛeΛµ Λ2
µ ΛµΛτ

ΛeΛτ ΛµΛτ Λ2
τ






(2)

where Λi = µvi+vDεi and εi and vi are the bilinear superpotential parameters and scalar neutrino vacuum expectation

value, respectively. Equation (2) is diagonalized by two angles; the relevant one for this discussion is the angle

tan θ23 = −Λµ

Λτ
. One can understand this tree-level mass as a seesaw-type neutrino mass with the right-handed

neutrino and the Yukawa couplings of the ordinary seesaw replaced by the neutralinos of the minimal supersymmetric

1 We may add, parenthetically, that such schemes require a different type of dark matter particle, such as the axion [28]. Variants with
other forms of supersymmetric dark matter, such as the gravitino [29–32], are also possible.

3

standard model and couplings of the form cΛi, where c is some combination of (generation independent) parameters.

These couplings, which determine (the generation structure of) the neutrino mass matrix, also determine the couplings

χ0
i − l±i −W∓ and χ±

i − νi −W∓ [25]. Taking the ratio of decays to different generations the prefactors c drop out

and one finds Eq. (1), when the angle tan θ23 is identified with the atmospheric neutrino angle. One-loop corrections

tend to modify this relation, but, as long as the loop corrections are smaller than the tree-level neutrino mass, Eq. (1)

is a good approximation [25].

In other words, as seen in Fig. 2, the LSP decay pattern is predicted by the low-energy measurement of the

atmospheric angle [21, 25], currently determined by underground low-energy neutrino experiments [7], as

sin2 θatm = 0.50+0.07
−0.06

the 2 and 3 σ ranges being 0.39–0.63 and 0.36–0.67, respectively.

Figure 2: Ratio of χ̃0
1 decay branching ratios, Br(χ̃0

1 → µq′q̄) over Br(χ̃0
1 → τq′q̄) in terms of the atmospheric angle in bilinear

R parity violation [25]. The shaded bands include the variation of the model parameters in such a way that the neutrino masses

and mixing angles fit the required values within 3σ.

In this paper we show how a high-energy measurement of LSP decay branching ratios at the LHC allows for a

redetermination of θatm and hence a clear test of the model. We provide quantitative estimates of how well this ratio

of branchings should be measured at LHC in order to be competitive with current oscillation measurements. This

issue has already been addressed but only at the parton level, using some semirealistic acceptance and reconstruction

cuts, and for just one specific mSUGRA point [35].

II. FRAMEWORK OF OUR ANALYSIS

Our goal is to present a more detailed analysis of the LHC potential to measure the LSP branching ratios required

to test the relation shown in Eq. (1), going beyond the approximations made in the previous work of Ref. [35]. The

generation of the supersymmetric spectrum and decays in the scope of the RmSUGRA model was carried out using the

SPheno package [36]2. The event generation was done employing PYTHIA [37] with the RmSUGRA particle properties

being passed into it in the SUSY Les Houches accord (SLHA) format [38, 39]. Jets were defined using the subroutine

PYCELL with a cone size of ∆R = 0.4.

2 An updated version including bilinearR parity violation can be obtained at http://www.physik.uni-wuerzburg.de/∼porod/SPheno.html.

de Campos, Eboli, Hirsch, Margo, Porod, 
Restrepo, Valle, 2010



“Large” Deviations from TBM

• Generically: corrections on the order of (θc)2  numerically

• from charged lepton sector:  through GUT relations

• from neutrino sector: higher order contributions

• Modifying the Neutrino sector:  Different symmetry breaking patterns

• A4: group of order 12 ⇒ many subgroups

• systematic study of breaking into other A4 subgroups

• several solutions give realistic masses, θ13 ~ (5 - 10)o , θ23 - π/4 > 0

• more complicated flavon sector

• Modifying the charged lepton sector:

• breaking the relation (based on single SU(5) CG):

• Georgi-Jarlskog relations achieved by combination of several SU(5) CGs

• θ13 ~ (5 - 10)o possible

• more complicated SU(5) particle content

17

M.-C.C, J. Huang, J. O’Bryan,  
A. Wijangco, F.  Yu, 
under preparation
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deviations 
correlatedangle, the corresponding mixing angle in the charged lepton sector, θ

e
12, is much suppressed due to

the GJ relations,

θ
e
12 �

�
me

mµ
� 1

3

�
md

ms
∼ 1

3
θc . (18)

As a result, the correction to the tri-bimaximal mixing pattern due to the mixing in the charged

lepton sector is small, and is given, to the leading order, by,

tan2
θ⊙ � tan2

θ⊙,TBM − e
iβ

θc/3 , (19)

where the relative phase β is determined by the strengths and phases of the VEV’s, φ0 and ψ
�
0.

With θc � 0.22 and (φ0ψ
�
0) being real, the factor e

iβ turns out to be very close to 1. This

deviation thus naturally accounts for the difference between the prediction of the TBM matrix,

which gives tan2
θ⊙,TBM = 1/2, and the experimental best fit value, tan2

θ⊙,exp = 0.429. The

off diagonal matrix element in Me also generates a non-zero value for the neutrino mixing angle

θ13 � θc/3
√

2 ∼ 0.05. We note that a more precise measurement of tan θ⊙ will pin down the

phase of φ0ψ
�
0, and thus the three leptonic CP phases, which may yield interesting consequences

on leptogenesis [10] and lepton flavor violating processes [11].

III. NUMERICAL RESULTS

The observed quark masses respect the following relation,

mu : mc : mt = �
2
u : �u : 1, md : ms : mb = �

2
d : �d : 1 , (20)

where �u � (1/200) = 0.005 and �d � (1/20) = 0.05.

In our model, the mass matrices for the down type quarks and charged leptons can be

parametrized as,

Md

ybvdφ0ζ0
=





0 (1 + i)b 0

−(1− i)b c 0

b b 1




,

Me

ybvdφ0ζ0
=





0 −(1− i)b b

(1 + i)b −3c b

0 0 1




,

(21)

and with the choice of b ≡ φ0ψ
�
0/ζ0 = 0.00789 and c ≡ ψ0N0/ζ0 = 0.0474, the mass ratios for the

down type quarks and for the charged leptons are given by,

md : ms : mb = 0.00250 : 0.0499 : 1.00 , (22)

me : mµ : mτ = 0.000870 : 0.143 : 1.00 . (23)

8

Antusch, Spinrath (2009);  Antusch, Maurer (2011); 
Marzocca, Petcov, Romanino, Spinrath, (2011)



Other Possibilities: Beyond TBM

• Tri-bimaximal Mixing Accidental or NOT?

• current data precision: TBM can be accidental ⇒ open up other possibilities

• Dodeca Mixing Matrix from D12 Symmetry

• Golden Ratio for solar mixing angle

• prediction for θ13 model/parameter dependent

J. E. Kim, M.-S. Seo, (2010)

leading order: 

   θc = 15o, θsol = 30o, θatm = 45o

breaking of D12 : 

   θc = 15o → 13.4o 

   θsol = 30o + O(ε), θ13 = O(ε)

θc + θsol = 45o  (not from GUT symmetry)

Albright, Rodejohann (2009); Abbas, Smirnov (2010)

tan2θsol = 1/Φ2 = 0.382,  (1.4σ below best fit)

Φ = (1 + √5) / 2 = 1.62 

18Mu-Chun Chen, UC Irvine                                                  Intensity Frontier Workshop                                          Rockville, MD, 11/30/2011

deviations correlated

Datta, Ling, Ramond, ‘03; 
Z2 x Z2 or A5: Kajiyama, Raidal, Strumia, ‘07; ...
D10:  Adulpravitchai, Blum, Rodejohann, ’09; ... 



Conclusions

• efforts at current and future experiments important

• fundamental properties of neutrinos

• underlying new physics for neutrino mass and mixing

• Example: a SUSY SU(5) x T´ Model 

• 9 parameters ⇒ 22 physical observables

• group theoretical origin of mixing

• CP violation from complex CG coefficients 

• QLC sum rules:

• normal hierarchy predicted

• firm predictions for leptogenesis, 0νββ decay and LFV processes

The values in Eq. 46 correspond to the following parameters in the standard
parametrization (PDG),

s12 ≡ λ = 0.227, s23 ≡ Aλ2 = 0.0411, s13 = 0.00412, c12 = 0.974, c23 = c13 � 0 .
(49)




0.838 0.542 0.0583e−i227o

−0.385− 0.0345ei227o
0.594− 0.0224ei227o

0.705
0.384− 0.0346ei227o −0.592− 0.0224ei227o

0.707



 (50)

→ |UMNS | =




0.838 0.542 0.0583
0.362 0.610 0.705
0.408 0.577 0.707



 (51)

J� = −0.00967 (52)

Charged lepton diagonalization matrix:



0.997ei177o

0.0823ei131o
1.31× 10−5e−i45o

0.0823ei41.8o
0.997ei176o

0.000149e−i3.58o

1.14× 10−6 0.000149 1



 (53)

sin2 2θatm = 1, tan2 θ⊙ = 0.419, |Ue3| = 0.0583 (54)

tan2 θ⊙ � tan2 θ⊙,TBM +
1
2
θc cos δ (55)

4

angle, the corresponding mixing angle in the charged lepton sector, θe
12, is much suppressed due to

the GJ relations,

θe
12 �

�
me

mµ
� 1

3

�
md

ms
∼ 1

3
θc . (18)

As a result, the correction to the tri-bimaximal mixing pattern due to the mixing in the charged

lepton sector is small, and is given, to the leading order, by,

tan2 θ⊙ � tan2 θ⊙,TBM − eiβθc/3 , (19)

where the relative phase β is determined by the strengths and phases of the VEV’s, φ0 and ψ�
0.

With θc � 0.22 and (φ0ψ�
0) being real, the factor eiβ turns out to be very close to 1. This

deviation thus naturally accounts for the difference between the prediction of the TBM matrix,

which gives tan2 θ⊙,TBM = 1/2, and the experimental best fit value, tan2 θ⊙,exp = 0.429. The

off diagonal matrix element in Me also generates a non-zero value for the neutrino mixing angle

θ13 � θc/3
√

2 ∼ 0.05. We note that a more precise measurement of tan θ⊙ will pin down the

phase of φ0ψ�
0, and thus the three leptonic CP phases, which may yield interesting consequences

on leptogenesis [10] and lepton flavor violating processes [11].

III. NUMERICAL RESULTS

The observed quark masses respect the following relation,

mu : mc : mt = �2u : �u : 1, md : ms : mb = �2d : �d : 1 , (20)

where �u � (1/200) = 0.005 and �d � (1/20) = 0.05.

In our model, the mass matrices for the down type quarks and charged leptons can be

parametrized as,

Md

ybvdφ0ζ0
=





0 (1 + i)b 0

−(1− i)b c 0

b b 1




,

Me

ybvdφ0ζ0
=





0 −(1− i)b b

(1 + i)b −3c b

0 0 1




,

(21)

and with the choice of b ≡ φ0ψ�
0/ζ0 = 0.00789 and c ≡ ψ0N0/ζ0 = 0.0474, the mass ratios for the

down type quarks and for the charged leptons are given by,

md : ms : mb = 0.00250 : 0.0499 : 1.00 , (22)

me : mµ : mτ = 0.000870 : 0.143 : 1.00 . (23)

8

δ = 227 degrees
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quark CP phase:  γ = 45.6 degrees

Mu-Chun Chen, UC Irvine                                                  Intensity Frontier Workshop                                          Rockville, MD, 11/30/2011



Conclusions

• precise measurements of oscillation parameters important for pinning down 
underlying new physics

• Testing correlations: robust way to distinguish different classes of models

• correlations among neutrino mixing parameters

• sum rules among quark and lepton mixing parameters

• correlations among other flavor violating processes
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Backup

• If T2K result holds up ⇒ 
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FIGURE 1. Lepton flavor model predictions for sin2 !13.

observed. Both the T2K Collaboration at JPARC and the
NO#A Collaboration at Fermilab are also expected to
probe a similar reach with their #µ neutrino beams [17].

Even if #̄e depletion is observed with some accuracy,
it is apparent from the two histograms that the order
of 10 - 20 models may survive which must still be
differentiated. One suggestion is to make scatterplots of
sin2 !13 vs. sin2 !12 and sin2 !12 vs. sin2 !23. We have
attempted to do this in Figs. 3, 4, and 5 for both the lepton
flavor models and grand unified models, where only the
central value predictions are plotted. Most of the models
considered favor central values of sin2 !12 lying below
0.333, the value for exact tri-bimaximal mixing. This is
in agreement with the present value extracted in Eq. (1),
but central values for sin2 !23 ≥ 0.5 are preferred, while
the best extracted value is 0.466 from Eq. (1).
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observed. Both the T2K Collaboration at JPARC and the
NO#A Collaboration at Fermilab are also expected to
probe a similar reach with their #µ neutrino beams [17].

Even if #̄e depletion is observed with some accuracy,
it is apparent from the two histograms that the order
of 10 - 20 models may survive which must still be
differentiated. One suggestion is to make scatterplots of
sin2 !13 vs. sin2 !12 and sin2 !12 vs. sin2 !23. We have
attempted to do this in Figs. 3, 4, and 5 for both the lepton
flavor models and grand unified models, where only the
central value predictions are plotted. Most of the models
considered favor central values of sin2 !12 lying below
0.333, the value for exact tri-bimaximal mixing. This is
in agreement with the present value extracted in Eq. (1),
but central values for sin2 !23 ≥ 0.5 are preferred, while
the best extracted value is 0.466 from Eq. (1).
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FIGURE 5. Central value distributions of sin2 !12 vs.
sin2 !23 for both types of models.

C.H. Albright (2009); updates from M.-C. C., C. H. Albright (2006)
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